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Eddy current decay method appUed to a new geometry 
R. F. Jardim,a) B. Laks, and C. Santos 
Instituto de Fisica "Gleb Wataghin, " UNICAMP, c.P. 616513.081, Campinas, SP, Brazil 
(R.eceived 3 November 1986; accepted for pUblication 29 January 1987) 
The eddy current decay method for determination of metallic samples resistivi.ties is presented 
for the case of a hollow circular cylindrical geometry. The theory is developed for two kinds of 
experimental arrangements: the primary coil is driven by a voltage source or by a current 
source. The measurements made for several metals (AI, Cu, Nb, brass, and bronze) at room 
temperature and at the temperature of liquid nitrogen analyzed by the theory give accurate 
results compared with the four terminal method. 
i.INTRODUCTION 
The conventional technique for resistivity measure-
ments of metallic materials, the so-called fcur terminal 
method, requires the use of electrical contacts attached to 
the sample which can give two kinds of difficulties: (1) con~ 
tamination and damage at the region where the contacts are 
made; (2) when the sample has high conductivity and its 
size is more than 1 or 2 mm in diameter there are measure-
ment precision problems. One can avoid these problems by 
using one of the several contactless inductive methods devel~ 
oped during the last decade, which even permits the use of 
metallic ingot samples. 
Zimmerman 1 has measured the electrical conductivities 
of metals by the change of the resistive and inductive compo-
nents of a coil caused by the introduction of the specimen; 
Zabara et al.2 followed a method where the electrical con-
ductivity of a specimen is determined from the magnitude of 
the moments offorces when it is placed in a rotating magnet-
ic field. 
A different procedure has been pursued by Bean et aU 
They measure the resistivity by observing the decay of eddy 
currents induced in metallic samples. The experimental ar-
rangement normally used is shown in Fig. 1. Two coaxial 
coils enclose the sample to be measured and one of the coils, 
the primary, is connected to a voltage source through a resis-
tance R p. A change in the current of the primary changes the 
magnetic field at the sample and thus causes the appearance 
of induced eddy currents. At the open circuit coil (the sec-
ondary) a voltage appears which depends on the magnetic 
field created by the primary current and on the magnetic 
field created by the eddy currents induced in the sample. 
The second voltage observed is a function of the geome-
try, magnetic permeability, and resistivity of the specimen. 
The problem analyzed by Bean et Of. 3 is the case where, 
using a solid cylindrical geometry, the primary coil is driven 
by a current source, and there is no change in the primary 
current due to the magentic behavior of the sample. 
Our aim in this paper is to study how the cylindrical 
geometry affects the decay of the eddy currents. In Sec. II we 
show a theoretical description for the magnetic permeability 
of a hollow circular cylinder where a specific excitation is 
present. In Sec. III we discuss Bean's problem in a slightly 
different form. Finally, in Sec. IV, we discuss the case where 
a) On a FAPESP (Brazil) fellowship. 
the time constant 7"p of the primary circuit is arbitrary. 
7p = Lp/Rp, (1) 
where R is the total series resistance of the primary circuit 
and L is the total series inductance of the primary in the 
p 13 absence of the sample. The case analyzed by Bean et a . 
corresponds to the situation where 7"p = O. However, one 
finds in the literature the case for an arbitrary time constant 
as discussed by Stern et al.4 and Le Page et al.s A similar 
treatment was given for a solid cylinder by CaHorotti et al.6 
In other papers the same authors? applied the eddy current 
method to determine the metallic film thickness deposited 
over cylindrical substrates. The resistivity as a function of 
the electronic mean free path in thin metallic plates was ana-
lyzed by Cotti.8 
The formalism developed in the present work is used to 
analyze the experimental results we obtained for several me-
tallic samples (aluminum, copper, bronze, brass, and eIec~ 
trolytic niobium). The samples of hollow circular cylindri~ 
cal geometry were submitted to three different detection sys-
tems at room temperature and at the temperature of liquid 
nitrogen. In Sec. V we show the systems characteristics, the 
experimental apparatus, and the results we obtained by both 
methods: the eddy current method and the four terminal 
method. 
II. MAGNETIC PERMEABILITY OF A HOllOW 
CIRCULAR CYLINDER 
For solid circular cylinder geometry the decay of the 
induced magnetic field after the external inductor magnetic 
field is removed, is similar to the thermal conduction or dif-
fusion problem, and reduces to a standard eigenvalue prob-
lem which has been treated extensively in the literature. 1,9-11 
For hollow cylinder geometries, however, the require-
ment of continuity of the tangential components of the mag-
netic and electric fields on the internal surface leads to quite 
different conditions from those of thermal conduction or dif-
fusion, involving the derivatives of the field averaged over 
the entire (inner) surface. The treatment for this kind of 
geometry can be found in the literature12- 14 and also the 
hollow elliptic cylinder has been treated. IS 
As we are concerned only with the analysis of the tran-
sient responses we consider an excitation of the type 
H(t) = Ho exp( - st)z, (2) 
so the relative permeability j.l of the metallic sample is de-
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Rp 
+ rp,~ Vs (tl ) 
Lp 
fined by 
fA- = (H)IHo, (3) 
where (H> is the mean value of the magnetic field in the 
sample. 
To find permeability of the hollow circular cylinder one 
has to solve Maxwell's equations for regions 1 and 2, as 
shown in Fig. 2. 
The pertinent Maxwell equations for region 1 are 
V E aHI X 0 = - Po Tt ' 
VXH j = o-E I + €O aEI , at (4) 
where /-to and <=0 are, respectively, the permeability and per-
REGION :2 
FIG. 2. Geometrical configuration of the samples. The cross section of hol-
low circular cylinder shows the two different regions. 
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RS 
FIG. 1. Detection circuit where 
the primary coil is driven by a vol-
tage source Vs(t). Lp and L, are 
the self-inductances of the primary 
and secondary coils, respectively. 
R p and R s are the series resistances 
in the primary and secondary coils. 
mittivity of free space and (F is the electrical conductivity of 
the sample. 
Assuming the time dependence of the form exp ( - st) 
and considering the sYmmetry requirements [HI = HI (r)z 
and E = E J (r)~] we get from Eqs. (4) the following equa-
tion 
(5) 
where we already considered that the conductivity in region 
1 is zero. 
The equation has the exact solution 
HI(r) =A1o(K1r) +BKo(Kjr), (6) 
where 
(7) 
A and B are constants to be determined from the bound-
ary conditions and Jo and Ko (Ref. 16) are modified Bessel 
functions of the order of 0 and 1, respectively. 
CaHarotti et al.7 have treated the solution in an interest-
ing way: they printed out that the maximum argument value 
of 10 which is on the order of 10-2, supposing that the sam-
ples have diameters of 1 em and that the time constant one 
can measure is of the order of 10-2 s. In this case, 10 goes to 
unity and HI (r) can be approximated by a constant. This 
solution corresponds to the case where the displacement cur-
rent, which appears, in Eq. (5) is neglected. 
The equation for the magnetic field in region 2, neglect-
ing displacement currents, is 
..!.. !i..(r dH2 ) + Sf.tOo-H2 = O. 
r dr dr 
(8) 
The solution to Eq. (8) is 
H 2 (r) = CJO(K1r) + DYo(Kzr), (9) 
where 
K2 = (s/-trP) 1/2 (10) 
and C and D are constants and Jo and Yo are Bessel functions 
of the order of 0 and 1, respectively. 
The constants A, C, and D are calculated by imposing 
the boundary conditions, which are: 
(a) the continuity of the tangential magnetic field at r = a, 
A = CJo(Kza) + DYo(K2a), (11) 
Jardim, Laks, and Santos 5238 
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and at r = b, 
Ho = CJO(D2b) + DYo(K2a). (12) 
(b) The continuity of the tangential electric field at r = a 
dHz (1') I = _ sf.toU (a H(r)r dr (13) 
dr r=a a Jo 
or 
(14) 
TABLE L The first solution of Eq. (16) as a function of a. 
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(x) 
FIG. 3. Graphical determin-
ation of XI for the case of 
a = O.S where the primary 
coil is driven by a voltage 
source. We notice that XI and 
X 2• the first and secondary 
roots, are very spaced. 
Solving Eqs. (11) to (14) we find the magnetic fields in 
the regions 1 and 2. Knowing those fields we can calculate 
the permeability 
f-t( -s) = C2~J([ H\(r)rdr+ f' H 2 (r)rdr). 
(15) 
The expression for a hollow circular cylinder with con-





a = alb. (18) 
As we can see in Fig. 3, the zeros of the denominator are 
widely separated and the first zero is related to the result 
obtained by Weinstein 14,15 for the case of a primary coil driv-
en by a current source (Tp =0). However, his expression 
gives the wrong results when the magnetic permeabill.ty be-
havior is taken into account 
In Table I we present the values we get for the first roots 
for several a values. In the limit a - 0, that i.s, for the solid 
cylinder case a discontinuity is found for the permeability 
which corresponds to the discontinuity found by Wein-
steinlS for the relaxation time. Nevertheless, he assumes a 
constant permeability which is equal to one. 
Jardim, Laks, and Santos 5239 
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+ 
FIG. 4. Detection circuit where the primary coil is 
driven by anI, (t) current source. Lp andL, are the 




III. PRIMARY COil DRIVEN BY A CURRENT SOURCE 
(1"p =0) 
The experimental arrangement, analyzed by Bean et al.3 
is shown in Fig. 4. In this case the characteristic decay time 
of the secondary coil r p is zero. 
Let us consider that the solenoids discussed are suffi-
ciently long compared to their radius so that it is reasonable 
to assume an infinitely long solenoid solution. 
Then the magnetic field is given by 
H(t) = (Np/Lp)ipU), (19) 
whereNp is the number of turns in the primary coil andLp is 
the length. The voltage induced in the secondary coil, in the 
presence of the sample, is 
dH _ dH 
Vo(t) = - NsAx1l1l dt - IV., (A, - Ax )/J-o dt' (20) 
where Ns is the number of turns in the secondary coiL Ax is 
the cross-sectional area of the sample ['lTCb 2 - a 2 )] andA, is 
the cross-sectional area of the secondary coil. 
Using (19) we write (20) in the form 





and Il obeys the expresssion as given in (16). 
Using a step function for the primary current, we solve 
for the output voltage in the frequency domain 
Vo(s) = -Ip (1/s)s(KI +K2 ), (24) 
where Ip is the maximum current amplitude. 
The inverse Laplace transform gives the output voltage. 
Vo(t) = y-1VO(s). (25) 
This procedure has been used by Guillemin!7 through the 
following steps: 
(a) Compute the transform function when the whole system 
is subjected to an excitation of the form exp ( - st). Thus, 
Vo( -s) = - [Ip/( -s)]( -s)[K1/J-( -s) +K2 ], 
(26) 
where,u( -s) is given by (l6). 
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(b) Compute the inverse transform, using the scaling prop-
erty 
- v,) ( - t) = - ,Y' - ! Vo ( - s). 
(c) Change t by - t. 
Thus, for the excitation we consider, we find 
(27) 
+ Vo( - t) = + IpKzp'o(t) + IpKJY-',u( - 5). 
(28) 
To evaluate the inverse transform of the permeability we 
write expression (16) as 
,u(x) = CUI (x - xn) )CU! (x - X d ») - I, (29) 
where Xn and Xd are the numerator and denominator zeros, 
respectively. If we truncate the above expression at some 
convenient point then we can expand Eq. (29) in partial 
fractions and from there we obtain the output induced vol-
tage. 
where An are the coefficients in the partial fraction expan-
sion and 
;r~ =Sn~oub2. (31) 
SinceXd are spaced wen apart from each other, if we observe 
the output voltage after a long time, we then have 
VoU) =K/pAI exp( -SIt) (32) 
and the dominant time constant r B that we measure, corre-
sponds to the smaller zero SI' that is 
rs-
I
=Sj=x;lpoub 2 • (33) 
This equation allows the determination of 0'. 
IV. PRIMARY COil DRIVEN BY A VOLTAGE SOURCE 
(1"p =0) 
A schematic drawing of the geometry for this case is 
shown in Fig. 1. The equation for the primary current is 
V (-s) 
ip ( - s) = s , 
Rp - sLp [(1 - !J.)/J-( - s) +!J.] (34) 
where!J. i.s the fraction of the area of the primary coil which 
is not occupied by the metallic sample. 
Ii. = 1 (b 2 - a2 )/Yf" (35) 
Jardim, Laks, and Santos 5240 
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where Y'p is the inner radius of the primary coil, so that when 
I:J. = 1 there is no sample and fA = 0 if the sample occupies 
the primary completely. The permeability tt( - s) follows 
from expression ( 16) . 
The voltage in the secondary coil is then 
V
o
( -s) = ([K3+K4,u( -s)]( -s)Vs( -S»), 
1 - srp (1 - !:1)f.l( - s) +!:1 
where 
K3 = 1TNsNp [r; - (b 2 - a2 ) ]/Rp !p. 




For excitation with a step-voltage function of magni-
tude V, 
V,( -8) = Vis. (39) 
The voltage at the secondary can be written as 
00 B 
- Vo( -8) = V II __ m_, 
m=I S -Sm 
(40) 
whereSm arethedenominatorzerosinEq. (36) andBm are 
the coefficients of the partial fraction expansion. 
The inverse Laplace transform of the above equation 
after replacing ( - t) by (t), gives us the output voltage: 
w 
Vo(t) = V L Bm exp( - Smt)· (41) 
m=1 
!fthe denominator zeros are wen spaced from each oth-
er, we can keep only the smaller root SI of the equation 
(42) 
and the voltage in the secondary, after a long time, is given by 
Vo(t) = VB I exp( -SIt). (43) 
Equation (41) can be rewritten as 




D = "p 2b zuJ.tol(b 2 - a2 )rp, 
and x is given by (17). 
(44) 
We show in Fig. 3, Eq. (42) for the case of a = 0.5. We 
observe that the first root, independently of the K and D 
values, is located in the interval 0 <x < 2.5543 since the in-
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TABLE II. Characteristics from the systems used for the measurements. 
System 1 
Inner radius 
Coil Turns R (n) (mm) L(mm) 
Secondary 0-2000 416.0 
0-2500 523.6 6.304 61.90 
0-3000 628.2 
0-3500 736.1 
Primary 307 t 7.9 15.000 71.05 
System 2 
Secondary 0-1500 285.8 
0-1700 324,7 




Primary 280 8.7 8.635 63.76 
System 3 
Secondary 0-2000 311.4 
0-2500 391.6 4.104 54.22 
0-3000 473.9 
Primary 280 6.7 6.485 60.06 
tersection is always in the first branch of f.i (x). We also no-
tice that the zeros are well spaced as indicated in Table I. 
When D is large, 1'p -+ 0 , and we have the case where the 
primary is driven by a current source. In this case the inter-
section occurs for hi.gh values of)t (x). 
In the case of significant 'ip for the determination of the 
conductivity we pursue the followi.ng steps: 
(i) Measure r I by observing the decay in the secondary 
voltage when the sample is present. 
(ii) Measure 'f'p by observing the decay in the secondary 
voltage without the sample. 
( iii) Measure of the geometrical parameters r p , a, and b. 
After finding}t(x) and computing the modified root Xl 
we get the conductivity 
(45) 
Vo EXPERIMENTAL RESULTS AND CONCLUSIONS 
We have performed experiments in a broad range of 
rlrp and r;1(b 2 - a2 ) values by using three distinct detec-
tion systems which are characterized in Table II. The pri-
t 
FIG. 5. Experimental arrangement used: 
( 1) pulse generator Chronetics PG 13C, 
(2) preamplifier Tektronix 703iA which 
fed with emf to the Tektronix 7633 oscillo-
scope where a Polaroid camera is coupled. 
Jardim. laks, and Santos 5241 
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TABLE III. Experimental results obtained for several samples. The decay times 7p and 71 are given in/is. Thep,nd (~n em) andppot (pO em) are resistivity 
values obtained by the induced eddy current method and the conventional four terminal method, respectively. Error = 100 (Pind - Ppot llPind' 
Temp. 
Metal System (K) a 7p 
Al 1 77 0.547 321.5 
2 77 0.547 108.7 
3 300 0.500 32.1 
3 77 0.500 87.9 
Cu 1 300 0.570 134.4 
2 300 0.550 37.9 
3 77 0.500 87.9 
3 77 0.570 87.9 
Brass 3 300 0.500 32.1 
3 77 0.500 87.9 
3 77 0.560 87.9 
Bronze 2 77 0.520 108.7 
2 77 0.585 108.7 
3 300 0.520 32.1 
3 300 0.585 32.1 
Nb 2 300 0.511 37.9 
2 300 0.520 37.9 
2 77 0.511 108.7 
3 300 0.511 32.1 
3 77 0.511 87.9 
3 77 0.520 87.9 
mary coils were made of No . 32 commercial copper wire and 
the secondaries with No. 42 of the same copper wire. Our 
samples displayed hollow circular cylindrical geometry with 
about 0.8- and O.4-cm external and internal radius, respec-
tively. 
The bars were 6.0 em long. The copper, aluminum, 
bronze, and brass used to make the samples were commer-
cial but the niobium samples were obtained by an electrolytic 
process and were of very high purity. An the samples were 
submitted to two processes for the electrical resistivity mea-
surements: the four terminal method and the induced eddy-
current method. The measurements were performed at room 
temperature and at the temperature of liquid nitrogen. 
The experimental arrangement used for the decay time 
measurements is shown in Fig. 5. In our experiments, we 
observed excitations with a broad range of variation, where 
the square waves have a width of 50 fiS to lOOps, a frequency 
ofloo Hz to 1.5 kHz, and an amplitude of2.5-25 V without 
changing the decay time constant. 
The decay times were photographed on an oscilloscope 
screen by using a Polaroid camera with Kodak 667 film of 
high sensitivity. The curves were analyzed using a linear 
regression; the pictures were measured with the aid of a mi-
croscope. 
The best results are shown in Table HI. The induced 
eddy current method proved to be a suitable technique for 
measuring resistivity. When the coil system is driven by a 
current source, the dominant time constant is defined by 
(46) 
where x 1 is related to the sample geometry as shown in Table 
I. When the coil system is driven by a voltage source then the 
time constant follows. 
(47) 
5242 J. Appl. Phys., Vol. 61, No. 12, 15 June 1 S67 
" 
X, Pind Ppot Error % 
421.4 2.470 0.750 0.763 - 1.60 
390.2 2.558 0.755 0.763 -0.984 
120.0 2.447 2.57 2.62 - 1.90 
408.7 2.486 0.750 0.745 +0.704 
\65.7 2.473 1.77 1.84 - 3.55 
160.4 2.574 1.79 1.75 + 2.57 
1012.3 2.530 0.296 0.291 + 1.76 
979.6 2.625 0.266 0.272 -2.05 
52.3 2.227 7.35 7.39 - 0.483 
110.8 1.916 4.69 4.82 -2.70 
108.2 1.965 4.54 4.65 -2.26 
129.1 2.072 3.22 3.21 + 0.508 
127.7 2.159 2.93 2.94 - 0.241 
39.1 1.900 12.66 12.74 - 0.627 
37.2 1.885 13.17 13.03 +1.12 
41.5 1.777 13.57 13.72 - 1.09 
4Ul 1.750 13.84 13.87 -0.145 
142.1 2.223 2.51 2.42 + 3.89 
38.1 1.818 12.02 13.72 +2.18 
145.1 2.269 2.36 2.42 - 2.33 
132.7 2.218 2.68 2.74 - 2.06 
where x I is the first root of the equation 
r: (7 ) Il(X) = 1 + 2 P 2! -1. - 1 . 
b - a \7p 
(48) 
The determination of the root was obtained numerically for 
a fixed geometry characterized by parameter a. The resistiv-
ity values found in our experiments show less than ± 5% 
discrepancy when compared with the conventional method. 
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